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We revisit the derivation of the Hawking-Moss transition rate. Using the static coordinates, we
show that the Euclidean action is entirely determined by the contribution of the entropy of de Sitter
space which is proportional to the surface area of the horizon. This holographic feature is common
to any static spacetime with a horizon on which the shift vector vanishes.
PACS numbers: 98.80.Cq,98.80.Qc,04.60.-m
When the Hawking-Moss bounce was first discovered
[1], it was interpreted as describing quantum tunneling
from a de Sitter universe as a whole to another de Sit-
ter space with a larger (effective) cosmological constant.
Since a transition to a state with larger energy density
is counterintuitive, many people perceived it with sur-
prise. Another counterintuitive aspect is that it depends
only on the potential energy densities before and after
the transition independent of the “distance” in the field
space.
The latter point was challenged by Weinberg later [2],
who proposed a “thermal” interpretation in the limit the
difference of the vacuum energy densities is small so that
geometrically both states are described by de Sitter space
with the small Hubble parameter.
Nowadays the Hawking-Moss instanton is playing more
and more important roles in various fields of physics—not
only in the inflationary cosmology [3], where it was orig-
inally applied, but also in the landscape of string theory
[4] where exponentially large number of possible vacuum
states with different energy densities exist.
In this Letter, we revisit the interpretation of the
Hawking-Moss instanton to provide a new picture,
namely, the entropic interpretation without any restric-
tions unlike in [2]. The importance of the gravitational
entropy term in the vacuum transition rate has been
stressed by Gregory et al. in a different context [5], who
incorporated the effect of black hole on the false vacuum
decay and showed that a term proportional to the black
hole horizon area must be taken into account.
Before embarking on the entropic interpretation, we
review the derivation of the Hawking-Moss bounce solu-
tion [1, 2, 6]. Assuming that the bounce solution has O(4)
symmetry, the Euclidean metric can be characterized by
one parameter ξ and its function ρ(ξ),
ds2 = dξ2 + ρ(ξ)2dΩ2III, (1)
where dΩIII represents the line element of the unit three-
sphere. The Euclidean action of the Einstein gravity and
a canonical scalar field φ with a potential V (φ) is then
written as follows.
IE=2π
2
∫
dξ
[
ρ3
(
1
2
φ˙2+V (φ)
)
+
3
8πG
(
ρ2ρ¨+ρρ˙2−ρ)](2)
where an over-dot represents differentiation with respect
to ξ. From (2), the field equations read,
φ¨+
3ρ˙
ρ
φ˙ =
dV
dφ
, (3)
ρ˙2 = 1 +
8πG
3
ρ2
(
1
2
φ˙2 − V
)
. (4)
The Hawking-Moss solution corresponds to a static scalar
field configuration with φ˙ = φ¨ = 0 which is realized at
potential extrema with dV/dφ = 0. Hence (4) reads
ρ˙2 = 1− 8πG
3
ρ2V (5)
and its solution is given as
ρ(ξ) = H−1s sin (Hsξ), (6)
H2s ≡
8πG
3
V (φs), (7)
where φs is a field value at a potential extremum. Sub-
stituting the solution (6) into the action (2), we find
IE(φs) = − 3
8G2V (φs)
. (8)
Hawking and Moss [1] originally considered the transition
from a false vacuum state φs = φfv to the local potential
maximum φs = φtop and identified the transition rate as
Γfv→top = Ae
−BHM = A exp [−IE(φtop) + IE(φfv)]
= A exp
[
3
8G2
(
1
V (φtop)
− 1
V (φfv)
)]
, (9)
where the prefactor A may be estimated as A ∼ H4(φfv)
on dimensional grounds.
2In [2], Weinberg proposed a thermal interpretation as-
suming ∆V/V (φfv) ≡ [V (φtop)− V (φfv)] /V (φfv) ≪ 1,
when BHM is given by
BHM ≃ ∆E
TH
(10)
with ∆E =
4π
3
H−3(φfv)∆V and TH =
H(φfv)
2π
.
Here ∆E is the potential energy increment in the horizon
H−1(φfv)(≃ H−1(φtop)), and TH is the Hawking temper-
ature of de Sitter space. He argues that the gravitational
effect is negligible because the geometry does not change
practically before and after the transition thanks to the
assumption ∆V/V ≪ 1. As a result the formula based
on (10) is identical to the case a horizon-sized domain re-
ceives thermal fluctuation at the Hawking temperature.
In the rest of this Letter, however, we show that the
exponent BHM is completely determined by the gravita-
tional entropy of the system, as the bulk energy of the
scalar field is fully canceled out by the negative gravi-
tational energy due to the Hamiltonian constraint. It is
therefore concluded that only the gravitational entropy
affects the Hawking-Moss transition, and that it does not
break the conservation of energy.
In order to prove the above statement, it is essential
to describe the (Euclidean) de Sitter space with a static
metric (M, gµν). Here, we start with a more general
Arnowitt-Deser-Misner (ADM) decomposition [7]
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) (11)
where N is the lapse function, N i is the shift vector, and
hij is the spatial metric. The Latin indices run from 1 to
3. Applying the Wick rotation t = −it˜ to introduce the
Euclidean time t˜, (11) reads
ds˜2 = N2dt˜2 + hij(dx
i + N˜ idt˜)(dxj + N˜ jdt˜) (12)
with N˜ i ≡ −iN i. Here and hereafter we put a tilde on
quantities in the Euclidean space which is multiplied by
some power of i upon Wick rotation. Correspondence to
the unrotated Lorentzian counterpart is also shown be-
low. For example, the extrinsic curvature of the t˜ =const.
three-space Σt˜ is expressed as
K˜ij =
1
2N
(
∂hij
∂t˜
−DiN˜j −DjN˜i
)
= −iKij , (13)
whereDi denotes covariant derivative with respect to hij .
The Euclidean Einstein action I
(G)
E is expressed as
I
(G)
E = −
1
16πG
∫
M
d3xdt˜
√
g˜R˜
=
∫
dt˜
[∫
Σ
t˜
d3x
(
π˜ij∂t˜hij +NH˜(G) − N˜ iH˜(G)i
)
−
∫
S
d2x
√
σ
(
ni∂iN
8πG
− 2√
h
niN˜j π˜
ij
)]
. (14)
Here π˜ij is the Euclidean momentum conjugate to hij , σij is an induced metric on the boundary surface S with
σ ≡ detσij , and ni is the unit normal vector on the boundary surface S where we assume ∂iN˜j vanishes. H˜(G) and
H˜(G)i are the gravitational Hamiltonian and the momentum for the dynamics of the foliation Σt˜. They are given by
H˜(G) =
√
h
16πG
(
−(3)R− K˜ijK˜ij + K˜2
)
, H˜(G)i = −2hijDkπ˜jk, π˜ij =
√
h
16πG
(
K˜ij − hijK˜
)
= −iπij , (15)
where (3)R denotes the three-curvature on the hypersurface Σt˜ and K˜ represents the trace of the extrinsic curvature
hijK˜ij .
The matter Euclidean action, on the other hand, is expressed as
I
(M)
E =
∫
d3xdt˜
√
g˜
[
1
2
g˜µν∂µφ∂νφ+ V (φ)
]
=
∫
dt˜
∫
Σ
t˜
d3x
(
P˜φ∂t˜φ+NH˜(M) − N˜ iH˜(M)i
)
(16)
where
P˜φ =
√
h
[
1
N
∂t˜φ−
N˜ i
N
∂iφ
]
(17)
is the momentum conjugate to φ, and
H˜(M) =
√
h

−1
2
(
1
N
∂t˜φ−
N˜ i
N
∂iφ
)2
+
1
2
hij∂iφ∂jφ+ V

 , H˜(M)i = √h
[
1
N
∂t˜φ∂iφ−
N˜ j
N
∂jφ∂iφ
]
(18)
are the matter part of the Hamiltonian and momentum, respectively.
3Classical Euclidean solutions are found by taking vari-
ation of the total Euclidean action I
(tot)
E = I
(G)
E + I
(M)
E .
From variation with respect to N and N˜ i, we find the
Hamiltonian and the momentum constraints,
H˜(tot) ≡ H˜(G) + H˜(M) =0, H˜(tot)i ≡ H˜(G)i + H˜(M)i = 0.
(19)
Therefore for a static configuration with ∂t˜hij = 0 and
∂t˜φ = 0, the total Euclidean action is simply given by
the surface terms as
I
(tot)
E static = −
∫
S
dt˜d2x
√
σ
(
ni∂iN
8πG
− 2√
h
niN˜jπ˜
ij
)
. (20)
For the particular case of de Sitter space, the static
metric is given by
ds˜2 = g˜µνdx
µdxν
=
(
1−H2r2) dt˜2 + dr2
1−H2r2 + r
2dΩ2II, (21)
where H is the Hubble parameter, r denotes radial coor-
dinate and dΩ2II is the metric on the unit two sphere. In
the following, we impose the periodic boundary condition
on the Euclidean time t˜ with a period β.
Introducing a foliation Σt˜ in the spacetime fixed at
constant Euclidean time t˜, which takes the value in the
range 0 ≤ t˜ < β, we can easily decompose the Euclidean
de Sitter metric with
N =
√
1−H2r2, N˜ i = 0, (22)
hµν =gµν − tµtν
=diag
(
0, (1−H2r2)−1, r2, r2 sin2 θ) (23)
tµ ≡(
√
1−H2r2, 0, 0, 0), (24)
where tµ is the unit normal vector on the hypersurface
Σt˜. This manifold generally has a conical singularity at
r = 1/H where N = 0. This implies that the curvature is
divergent on the de Sitter horizon, although the horizon
is not a physical singularity.
As we see below, the conical singularity can be avoided
by a specific choice of β, namely the inverse Hawking
temperature βH ≡ 2π/H . It should be noted, however,
that the manifold still collapses to a single point on the
horizon and, as shown below, this plays an important role
in deriving the entropy term from the Euclidean action.
In the following, therefore, we regularize the collapsing
part of the manifold by first restricting the integration to
the regionMǫ ≡
{
xµ : r ≤ 1H − ǫ
}
and then setting the
regularization parameter ǫ to zero after the calculation
of the Euclidean action (Fig. 1).
In this case the action (20) has only the first term,
where the surface Sǫ
t˜
is located at r = 1/H − ǫ with its
normal vector nµ given by
nµ = (0,−1/
√
1−H2r2, 0, 0). (25)
r = 0
r
r = H
−1
r = H
−1
− ǫ
nµ
βHN(r)!"#!$%&'#'(!')*)
tµ
N(r)t˜
Σ
ǫ
t˜
S
ǫ
t˜
FIG. 1: The manifold M including the horizon at r = 1/H
where N = 0. We can regularize the Euclidean action by
introducing a hypothetical boundary at r = H−1− ǫ denoted
by S = Sǫ
t˜
with the cut off parameter ǫ set to zero at the end
of the calculation.
Note that, since this surface is not a real boundary of
the theory, being introduced just for the sake of regu-
larization, one should not apply the Gibbons-Hawking
boundary terms [8, 9] here. The length of circumference
of the manifoldM is βN and the relation
lim
ǫ→0
ni∂i [βN ] = βH = 2π (26)
should be satisfied to ensure the absence of the conical
singularity. This is the reason we must identify β with
the inverse Hawking temperature βH .
Hence, the nonvanishing term in (20) is calculated as
lim
ǫ→0
[
−βH
∫
Sǫ
t˜
d2x
√
σ
ni∂iN
8πG
]
= − A
4G
, (27)
where A is the area of the horizon given as
A ≡
∫
Sǫ
t˜
d2x
√
σ
∣∣∣∣∣
ǫ=0
=
4π
H2
. (28)
Thus, for the case φ = φs giving a static de Sitter
space with potential energy density V (φs), the action of
the Hawking-Moss instanton
I
(tot)
E (φs) = −
A(φs)
4G
=
π
GH2
=
3
8G2V (φs)
(29)
is entirely given by the contribution of the de Sitter en-
tropy [8]. This is primarily because in the static config-
uration the bulk term of the action vanishes due to the
Hamiltonian constraint.
In this sense, one can extend the thermal interpreta-
tion of the Hawking-Moss solution more rigorously to ar-
gue that e−IE(φs) is indeed proportional to the thermo-
dynamical probability of the state φ = φs, e
−F/T , where
F = E−TS is the free energy. Here, since E = 0, e−F/T
4simply reads eS = elnW (φs) = W (φs). In other words,
the probability is just proportional to the number of in-
ternal states W (φs) associated with the de Sitter space
with the energy density V (φs). Thus the smallness of the
transition rate (9) to a state with a higher potential en-
ergy density is not due to the largeness of the energy—in
fact, the total energy is always zero—, but because of the
smallness of the number of microscopic states there.
It is also interesting to note that the Hawking-Moss
transition apparently violates the second law of thermo-
dynamics, as it is a transition to a state with smaller
entropy. However, since it is governed by a single order
parameter φ, the transition itself is not a macroscopic
process but a mere microscopic process analogous to the
Brownian motion. Indeed the stochastic approach of in-
flation can also reproduce the desired probability distri-
bution [10].
In conclusion, by using a static coordinate system, we
have shown that the Hawking-Moss instanton is entirely
given by the entropy of the de Sitter spacetime propor-
tional to the horizon area. In this sense, this solution
is holographic [11]. As is clear from the above analy-
sis, this feature is common to any static spacetime with
a horizon on which the shift vector vanishes N i = 0. In
our derivation, the Hamiltonian constraint, which asserts
that the sum of the material energy and gravitational en-
ergy vanishes, plays an important role. Hence previous
considerations based only on the energy of matter part
[2, 12] cannot grasp the essential feature of the problem.
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